For a plasma, flowing through a cascaded arc channel with a varying cross-section, and flowing from a subsonic to a supersonic state, the sonic condition moves downstream and the plasma Mach number at the smallest cross section is less than one, although in case of a transonic isentropic gas flow the sonic condition is found at the smallest cross section. This shift in sonic condition is due to the lack of isentropic behavior of the plasma flow. Sources causing the anisentropy are viscosity, heat and ionization, of which ionization is vital for a plasma. It is found that the plasma Mach number is always lower than the corresponding gas Mach number. A quasi one-dimensional analysis and simulations with a two-dimensional plasma model, which support the analysis, are presented.
I. INTRODUCTION
The study of the cascaded arc plasma source [1] [2] [3] [4] is of interest for remote deposition 5 and etching. 6 Cascaded arcs are used as particle sources in such plasma process systems. The arc creates wall stabilized flowing thermal plasmas.
For fast deposition a high ion flux is preferable. The cascaded arc has proven to be an efficient ion source. 4, [7] [8] [9] Ionization degrees over 50% can be reached when the arc channel is geometrically pinched ͑i.e., has a convergentdivergent geometry͒. 7 Besides an increase in the ionization efficiency, an increase in the arc exit velocity increases the ion flux coming out of the arc. To optimize the cascaded arc as an ion source, besides ion production efficiency, knowledge of the flow behavior ͑i.e., Mach numbers͒ and the transonic position ͑i.e., where the Mach number equals one͒ are therefore, of interest. In this paper we will focus on the Mach numbers inside the arc channel to describe the flow behavior. For a discussion of the arc efficiency we refer to Burm et al. 7 Compressible fluid flow through channels of which the cross section varies will be considered. It is assumed that the flow can be adequately modeled by a quasi one-dimensional flow model. The flow is assumed to be one-dimensional at all cross sections of the channel. Therefore, the rate of change in cross-sectional area with distance along the channel may not be very large.
We will show that the effects of area changes on a plasma flow differ from those on an isentropic gas flow. A plasma is never isentropic due to inelastic collisions which can ionize the plasma, due to viscosity and due to Ohmic heating of the plasma. We will show that the isentropic gas case is a special case, and that, in a convergent-divergent channel, ionization, viscosity, and heating shift the sonic condition from the throat towards the arc outlet. Plasma Mach numbers are shown to be lower than gas Mach numbers.
Simulations with a two-dimensional model supporting the results of the quasi one-dimensional model will be presented.
II. THE CASCADED ARC
The flow channel considered is a cylinder symmetric cascaded arc configuration as shown in Fig. 1 . The arc [1] [2] [3] [4] consists of three cathodes at the cathode housing and a stack of electrically isolated copper plates, forming the arc channel together with the anode at the arc outlet. The gas inlet flow, which is injected between the three cathode tips, is controlled by a mass flow controller. The plasma expands supersonically into a vacuum chamber located at the arc outlet ͑not shown in Fig. 1͒ .
The arc depicted in Fig. 1 has a convergent-divergent channel, but a cascaded arc with a straight plasma channel has also been used. The cascaded arcs used typically have a channel length of 34 mm and an outlet diameter of 4 mm.
III. THE PLASMA MACH NUMBER
We will consider the influence of a changing flow crosssectional area, the influence of shear stress at the wall, as well as the influence of heat exchange on the Mach number in the cascaded arc channel. The Mach number, M, is defined [10] [11] [12] [13] [14] [15] [16] as the ratio of the local velocity, w, and the local speed of sound, c
The speed of sound depends on the type of fluid under consideration, and is defined as
where p is the pressure, the mass density, and s the entropy. In case of an isentropic gas
and pϭRT, ͑3a͒
which means that
cϭͱ␥RT, ͑4a͒
where ␥ the isentropic exponent for a specific gas, C is a constant, T is the gas temperature, and R the mass specific gas constant. In case of a plasma, the isentropic exponent in Expression ͑2a͒ and the temperature in Expression ͑3a͒ are different. The isentropic exponent, which equals the ratio of the heat capacities at constant pressure, c p , and at constant volume, c v , is lower in a plasma than in a gas. 10 A plasma is never isentropic, which is due to inelastic collisions that ionize the plasma, due to viscosity, and due to Ohmic heating of the plasma. This nonisentropic behavior requires a more accurate specification of the plasma temperature and the isentropic exponent.
Considering its thermodynamics, we found that due to ionization, the isentropic exponent for a two-temperature argon plasma of around 1.2-1.3 eV equals 1.2 for almost the whole ionization range ͑5%-80%͒. An analysis of how ␥ depends on the ionization degree and temperature can be found in Ref. 10 . It should be noted that to create a plasma, heat is supplied to ionize. A chemical energy term ͑ioniza-tion͒ appears in the specific enthalpy and in the internal energy expressions, which term is quite dominant in both cases. Consequently, both heat capacities c p and c v increase such that the ratio c p /c v becomes smaller.
From these results we get, in the case of a plasma, in which ␥ p is the isentropic exponent for a plasma, C p is a constant, and the plasma temperature is defined as the weighted sum of the heavy particle ͑i.e., atoms and ions͒ temperature, T h , and the electron temperature, T e , in which the ionization degree ␣ is defined as
where n i is the ion number density and n a is the atom number density. The isentropic exponent is lower and the temperature is defined differently ͑i.e., more generally͒ for a plasma than for a gas, which leads to a change of the definition of the velocity of sound. Again, this important difference between a plasma and a gas is due to ionization.
The local plasma Mach number, Expression ͑1͒, becomes
making use of the inlet mass flow , equal to wA, with A the cross-sectional area r 2 . According to Expression ͑6͒, the plasma Mach number in a subsonic plasma flow can be increased ͑ceteris paribus͒ 1͒ by increasing the inlet flow, 2͒ by decreasing the plasma temperature, 3͒ by decreasing the ionization degree, ␣, 4͒ by decreasing the isentropic exponent, ␥, 5͒ by decreasing the arc channel cross-section, A, and 6͒ by increasing mass ͑via R͒.
IV. RESULTS FROM THE QUASI ONE-DIMENSIONAL MODEL
Let us next consider the flow behavior of a fluid flowing through the cascaded arc while taking into account that the Mach number is fluid dependent. The flow behavior can be found by solving the equations for conservation of mass, momentum, and energy.
Mass conservation in differential form gives
Since the wall shear stress force is equal to the shear stress, w , times the surface area S cos , where S is the wall surface and the wall inclination angle, the momentum balance for a small control volume reads pAϩ͑ pϩdp/2͒dAϪ w S cos ϭ͑ pϩdp͒͑AϩdA͒ϩwAdw, ͑8͒
since the average pressure on the curved wall surface, which has a projected area of dA, is (pϩdp/2). The term Awdw is deduced from the increase in velocity over the control volume wA͓(wϩdw)Ϫw͔. This yields in first order
where z is the symmetry axis, and f the dimensionless Fanning friction factor. 2, [11] [12] [13] [14] The Fanning friction factor is a function of the Reynolds number, Re
where is the dynamic viscosity. For laminar gas flows ͑i.e., ReϽ2300͒ the dimensionless Fanning friction factor is equal to
and is valid for any wall roughness, as the heat loss in laminar flow is independent of wall roughness. 15 According to Expressions ͑10͒ and ͑11͒ the geometry of the arc channel, density gradients, and temperature gradients ͑because is a function of the temperature͒ influence the friction factor. The quasi one-dimensional model assumption that the flow is one-dimensional at all cross sections of the channel, however, denies the fact that radial gradients may influence the friction factor. We will discuss radial profiles in Sec. V B.
Note further that, in case of a plasma, the Fanning friction factor, f, is also partly determined by the ions inside the plasma.
Conservation of energy yields
where dQ is the rate of heating, and T the ͑gas mixture or plasma͒ temperature. Heating ͑cooling͒ can occur by, e.g., Ohmic heating, from heating ͑cooling͒ the flow channels, and by chemical reactions in the plasma. All three types of heating occur in the cascaded arc plasma source. [1] [2] [3] [4] [6] [7] [8] [9] Equations ͑7͒, ͑9͒, and ͑12͒ are ''global'' equations in the sense that they do not consider the particle types in the fluid individually. The expressions take the total fluid ͑mix-ture͒ into account integrated over the cross section, and no radial dependencies are assumed.
Using Mach's number, M, together with the equation of state in derivative form, and using the isentropic temperature expression, we derived from the expressions of mass, momentum, and energy conservation, that
This equation shows the flow behavior of the considered fluid. At the sonic point, i.e., at the position where the Mach number equals one, Equation ͑13͒ reads
Hence, the cross-sectional area must increase as long as the Mach number has to stay constant and equal to one. Equation ͑13͒ shows two sources, viscosity and heat exchange, which shift the sonic position downstream from the minimum of the cross-sectional area ͑i.e., at dAϭ0͒ for a transonic flow in a convergent-divergent nozzle. If the flow is not transonic, the flow remains subsonic or supersonic, and, according to Eq. ͑13͒, the optimum in the Mach number will not be at the minimum of the cross-sectional area due to the already mentioned friction and heating.
A third source that shifts the sonic position are the plasma temperature T and the thermodynamic properties of the fluid, expressed by the isentropic exponent ␥ and the specific heat c p in Eqs. ͑13͒ and ͑14͒. Remember that ionization ͑essentially important for plasmas͒ influences the plasma temperature and the thermodynamic properties c v , c p and ␥, and therefore, shifts the sonic position indirectly.
A. Special cases: The isentropic gas case
In an isentropic gas there is no heat addition and the influence of viscosity is neglected. [11] [12] [13] [14] 16, 17 In the Eqs. ͑9͒ and ͑12͒, f and dQ equal zero. The equation for the flow behavior ͑13͒ becomes
From this equation it follows that when the isentropic gas flow is subsonic (M Ͻ1) dM is positive ͑since ␥Ͼ1͒ in the convergent part of the channel, i.e., as dA is negative. When the flow is supersonic (M Ͼ1) dM is negative in the convergent part of the channel. At the minimum cross-section (dAϭ0), the sonic condition (M ϭ1), or an optimum in the Mach number (dM ϭ0) will be found. These results show the well-known behavior that if a subsonic isentropic flow is to be accelerated to a supersonic flow we may use a convergent-divergent nozzle. The convergent part accelerates the flow up to a Mach number equal to one, and the divergent part then accelerates the flow to supersonic speed. At the throat (dAϭ0) the Mach number must be equal to one.
In such a nozzle the pressure will fall continuously. If the pressure at the end is not low enough, the flow will remain subsonic throughout. In this latter situation, the Mach number and the velocity reach their maximum at the throat.
Similarly, two possibilities exist for a supersonic isentropic flow. Either the Mach number will decrease to M ϭ1 at the throat and then continue to decrease to subsonic velocity in the divergent part of the nozzle, or the flow remains supersonic throughout the nozzle. In this latter case, the Mach number and the velocity reach their minimum at the throat, although these values are still supersonic.
B. Special cases: The static Fanno flow
In the discussion of an isentropic gas flow through a convergent-divergent nozzle, given in Sec. IV A, the effect of viscosity, heating, and ionization have been neglected. This is often an adequate assumption for gas flows through straight nozzles, although for small and long nozzles the effects of viscosity, i.e., the effects of fluid friction at the walls, can be important.
We will discuss here the influence of friction on the Mach number in a straight nozzle. A straight channel reduces complexity and draws our attention to how viscosity influences the Mach number. A compressible adiabatic flow in a constant cross-sectional area channel including frictional effects is called a Fanno flow. 11, 12 Note that in compressible fluids friction changes all of the flow variables, because changes in pressure causes changes in density which leads to changes in velocity. Combining the conservation equations of mass, momentum and energy with the equation of state as in Sec. IV, while setting dAϭ0 and dQϭ0, yields
Note that from Eq. ͑16͒ it follows that the sign of dM is prescribed by the sign of (1ϪM 2 ), because, since ␥Ͼ1, the right hand side is always positive. This equation shows that for subsonic flow (M Ͻ1), wall shear stress causes the Mach number to rise, and for supersonic flow (M Ͼ1) wall friction causes the Mach number to fall. Therefore, viscosity causes the Mach number to tend towards one.
Once the Mach number of one is attained in case of transonic flows, upstream conditions cannot be affected by downstream conditions any longer. Therefore, so-called choking can occur as a result of wall shear stress. The mass flow rate is now limited due to wall friction. The Mach number of one is attained at the channel exit. [11] [12] [13] [14] [16] [17] [18] In a similar way as in Eq. ͑16͒ the next equations show how viscosity influences the other flow variables. dp
where ds is the enthalpy change. Note that dsϾ0 since ␥Ͼ1, and that dp and dT are negative for subsonic flows (M Ͻ1) and positive for supersonic flows (M Ͼ1).
C. Special cases: Balancing viscosity effects with cooling
In a plasma flowing through the cascaded arc, Ohmic heating heats the plasma mainly near the arc inlet. This heat is transported by the plasma and lost by cooling at the wall and at the arc channel outlet. [1] [2] [3] [4] 7, 19 Cooling at the walls can be influenced by changing the wall temperature, which in fact changes the temperature gradient near the wall and, therefore, changes the heat conduction towards the wall. Note that by choosing the cooling at the wall (ϪdQ) equal to
the sonic position is again located at the minimum of the cross-sectional area of the convergent-divergent nozzle ͑i.e., at dAϭ0͒. We find that the sonic condition occurs at the throat of the arc channel as in the case of the transonic isentropic gas flow. Note that if the flow is not transonic the optimum in the Mach number is shifted back upstream towards the minimum of the cross-sectional area of the convergentdivergent nozzle according to an expression similar to Expression ͑20͒.
V. SIMULATIONS USING THE PLASMA SIMULATION MODEL PLASIMO
From the previous discussion it can be concluded that Mach numbers in a convergent-divergent plasma differ from Mach numbers in a perfect isentropic gas due to the nonisentropic effects, i.e., viscosity and heat sources, and due to the occurrence of ionization. To verify this statement, we will model gases and plasmas flowing through a convergentdivergent cascaded arc plasma source with a twodimensional model called PLASIMO. 19 The PLASIMO simulation model uses the control volume concept with conservation of fluxes to make the transport equations discrete. In the quasi one-dimensional model, as used in previous sections, the volumes cover the whole cross section. We will compare the quasi one-dimensional plasma flow model with the results of the two-dimensional PLASIMO model. PLASIMO can indicate how well the quasi one-dimensional assumption is, a subject which we will discuss in Sec. V B.
The simulation program PLASIMO is a hydrodynamic numerical model with which bulk flow variables, such as velocity, pressure, densities, and temperatures, can be calculated. PLASIMO is used to study stationary cylinder symmetric plasmas. For a full discussion of the PLASIMO model see Janssen et al.
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A. PLASIMO 
simulation results
To study the values of the Mach number inside the cascaded arc channel three different fluids were considered: A mono-atomic gas ͑argon͒, a molecular gas ͑hydrogen͒, and a mono-atomic plasma ͑argon͒.
A gas flow is prescribed at the arc inlet. The imposed fluxes are varied but inflow occurs always at low velocities. The gas inlet flow is subsonic. A plasma can be created inside the arc channel via ionization by Ohmic heating. To simulate the gas flows through the arc, the Ohmic energy input is set equal to zero. At the arc outlet the gas or plasma expands into a ''low pressure vessel'' where a shock occurs ͑background pressure Ϯ50 Pa͒. Our case is that of an under expanded fluid. 11 The Mach numbers in the pre-expansion ͑the expansion before the shock͒ must be larger than one. Therefore, the fluid must pass the sonic condition. As shown before, isentropic gas theory pinpoints the location at which the sonic condition occurs at the smallest cross section ͑i.e., the channel outlet in case of straight channels͒. As discussed, plasmas never fulfil the isentropic condition.
We will show that the sonic condition will move downstream in the two-dimensional flow case conform the quasi one-dimensional model results, when viscosity and heating ͑i.e., anisentropy͒, and more specific ionization and the creation of a plasma, are introduced. In the next figures, obtained with PLASIMO, we will show the decrease of the Mach number along the symmetry axis ͑z axis͒ due to an increase in the dynamic viscosity coefficient, , and due to an increase in heat addition by increasing the wall temperature, T wall , for the cases of an argon gas and a hydrogen gas, respectively. We will find differences in flow behavior when comparing the Ar gas case with the H 2 gas case. Afterwards, the influence of ionization will be discussed for straight arc flows when we compare Mach number values in an argon plasma with an argon gas. For an argon plasma we will show the influence on the Mach number of a decrease in the smallest cross section, A.
In Figs. 2 and 3 the influence of viscosity on the Mach number inside the channel is shown for argon and hydrogen gases. To get these results, the viscosity coefficient, , has been changed to a certain value inside the PLASIMO program ͑flow 100 scc/s, no current͒. As is shown in both figures, an increase in the viscosity ͑coefficient͒ decreases the Mach number at every position inside the arc. Therefore, the position where the Mach number equals one, or where the Mach number reaches its maximum moves downstream.
The transonic flows in Figs. 2 and 3 are a result of the low background pressure in the vacuum vessel in which the flow expands. However, because PLASIMO 19 requires a specification of the outflow Mach number, we modeled transonic flows by use of the condition that the Mach number is larger than one at the outlet. The precise outlet Mach number depends on the arc configuration and ranges from M ϭ1 until M ϭ2. However, we did not have to state the outlet Mach condition very accurately, since for supersonic outlet flows the outlet Mach number does not influence the upstream flow. 7, 19 For subsonic flows an outlet Mach number of 0.9 has been used at first, as in case of straight arcs. 19 Unfortunately, the outlet Mach number had to be chosen more precisely for subsonic flows, as demonstrated by taking the outlet Mach number equal to 0.2 in Fig. 3 . Note that the optimum in the Mach number is slightly influenced by the chosen outlet Mach number. Figure 4 shows that the sonic position depends almost linearly on the viscosity coefficient and is gas dependent ͑via its mass, the isentropic coefficient ␥ and the friction factor f͒, as reflected by Expressions ͑10͒, ͑11͒, and ͑14͒.
In Figs. 5 and 6 we show the influence of the wall temperature on the Mach number inside the cascaded arc ͑flow 100 scc/s, no current͒. The chosen wall temperatures are an input of the PLASIMO program. Both figures show a decrease in the Mach number at every position inside the arc as function of the wall temperature. Therefore, the transonic position must move downstream.
In case of hydrogen, the flows we simulate remain subsonic. For the subsonic flows we find a maximum Mach number instead of a sonic transition. This maximum moves downstream, like the sonic position in transonic flows, when the wall temperature increases, i.e., when less heat is transported towards the arc wall ͑see Sec. IV C͒. Therefore, an increase in wall temperature moves the sonic position or the Mach number optimum downstream.
According to Fig. 7 the sonic position is a degressive increasing function of the amount of ''heating'' ͑increase in wall temperature͒, as already indicated by Expression ͑14͒. In Figs. 2-7 Mach numbers for gases were considered. Next we will discuss the Mach number for plasma flows. For the creation of plasmas, ionization is essential. As noted before, ionization influences the plasma temperature and the thermodynamic properties of the plasma. The differences in Mach numbers between gases and plasmas are mainly due to ionization. In Fig. 8 Mach numbers for an argon plasma ͑flow 100 scc/s, current 50 A͒ flowing through a straight channel are compared with Mach numbers for an argon gas flow ͑flow 100 scc/s, no current͒. Relatively large differences in Mach number values can be found near the arc inlet, where ionization is most effective. 7 In Fig. 9 an argon plasma flow ͑flow 100 scc/s, current 50 A͒ is used to show the influence of a change in cross section on the Mach number. The ratio indicates the ratio of the smallest diameter divided by the outlet diameter. Figure  9 shows that the flows through the 0.375, 0.5, and 0.625 arcs are transonic. When the diameter ratio is smaller, the derivative of the wall shape is already large closer to the smallest cross section. Therefore, the sonic position moves upstream.
Arcs with small diameter ratios produce higher ionization degrees than arcs with ratios close to one, as ionization occurs mainly near the arc inlet. 7 Figures 8 and 9 indicate that high ionization degrees near the arc inlet lowers the Mach number there. This is in agreement with the general idea that ionization is an extra degree of freedom influencing the plasma temperature, the heat capacity c p , and the heat capacity ratio ␥. The Mach number and the sonic position are a function of c p and ␥ according to Expressions ͑13͒ and ͑14͒.
B. Form factors
So far we have analyzed the Mach number in the cascaded arc with a quasi one-dimensional model and simulated the Mach number with a two-dimensional plasma simulation model named PLASIMO. The results from the twodimensional plasma simulation model confirm the quasi onedimensional analysis, although the two models differ theoretically with respect to form factors ͑or radial profiles͒. While PLASIMO allows for all type of profiles to exist ͑e.g., concave, convex, and flat͒, the quasi one-dimensional model allows for only flat profiles.
To investigate the difference in approach, we examined the profiles as reported by PLASIMO. We find a flat radial profile for the pressure, slightly convex radial profiles for the velocity, the electron and heavy particles temperatures, and a slightly concave profile for the mass density. The radial velocity and the temperature gradients are mainly generated near the walls. The same holds for the only concave radial profile, i.e., the mass density increases severely near the walls, but the profile is almost flat in the center of the arc channel. Further, PLASIMO shows that the mass flux w and the dynamic pressure w 2 ϩ p are constant over the radial axis, with only discrepancies at the walls. Therefore, flat profiles seem to be preferred. The no-slip condition ͑in PLASIMO: The velocity at the walls is set equal to zero͒ and the relatively low wall temperatures seem to prohibit flat profiles for the velocity and for the temperatures.
This analysis of the profiles obtained with PLASIMO shows that the quasi one-dimensional approach is sufficiently accurate.
VI. CONCLUSIONS
For transonic isentropic gases in convergent-divergent nozzles the sonic condition is situated at the smallest cross section. Using a quasi one-dimensional model, whose statements about Mach numbers were verified by the twodimensional plasma simulation model PLASIMO, it has been shown that due to anisentropy ͑viscosity, heat addition, and ionization͒ Mach number values change and the sonic condition moves downstream. Expressions have been given to find at which location the Mach number equals unity.
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